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Subdominant pseudoultrametric on graphs
O. Dovgoshey and E. Petrov
Abstract
Let (G,w) be a weighted graph. The necessary and sufficient conditions under
which a weight w : E(G) → R+ can be extended to a pseudoultrametric on V (G)
are found. A criterion of the uniqueness of this extension is also obtained. It is
proved that G is complete k-partite with k ≥ 2 if and only if, for every pseudo-
ultrametrizable weight w, there exists the smallest pseudoultrametric agreed with
w. We characterize the structure of graphs for which the subdominant pseudoul-
trametric is an ultrametric for every strictly positive pseudoultrametrizable weight.
Key words: weighted graph, infinite graph, ultrametric space, shortest path metric,
complete k-partite graph.
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1 Introduction
Throughout this paper, a graph is a pair (V,E) consisting of nonempty set V and
(probably empty) set E elements of which are unordered pairs of different points from
V . For the graph G = (V,E), the set V = V (G) and E = E(G) are called the set
of vertices and, respectively, the set of edges. Generally we shall follow terminology
adopted in [1]. Let us give some definitions. If V (H) ⊆ V (G) and E(H) ⊆ E(G), then
graph H is a subgraph of graph G, H ⊆ G. Recall that G is called complete if every two
different vertices u, v are adjacent, {u, v} ∈ E(G). Graph G is finite if |V (G)| <∞. If
E(G) = ∅, then G is an empty graph. A finite nonempty graph P ⊆ G is a path (in G),
if we can enumerate without repetition vertices from P into a sequence (v1, v2, ..., vn)
such that
({vi, vj} ∈ E(P ))⇔ (|i− j| = 1).
We shall identify the path P with the sequence (v1, v2, ..., vn) and shall say that P
connects v1 and vn. A finite graph C is a cycle if |V (C)| ≥ 3 and there exists an
enumeration (v1, v2, ..., vn) of his vertices such that
({vi, vj} ∈ E(C))⇔ (|i− j| = 1 or |i− j| = n− 1).
Some two vertices in graph are connected if there exists a path connecting them. A
graph is connected if every two his vertices are connected. A graph G = (V,E) together
with function w : E → R+ = [0,+∞) is called a weighted graph, and w is called a
weight or a weighting function. The weighted graphs we shall denote by (G,w).
Recall now some necessary definitions from the theory of metric spaces. An ultra-
metric on a set X is a function d : X ×X → R+ such that for all x, y, z ∈ X:
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(i) d(x, y) = d(y, x),
(ii) (d(x, y) = 0)⇔ (x = y),
(iii) d(x, y) ≤ max{d(x, z), d(z, y)}.
If (ii) is replaced by the weaker condition (ii’) d(x, x) = 0, then d is a pseudoultrametric.
Inequality (iii) is often called the strong triangle inequality. A function d : X×X → R+
satisfying the ordinary triangle inequality and having properties (i)-(ii’), is called a
pseudometric.
If (G,w) is a weighted graph and
2 max
e∈E(C)
w(e) ≤
∑
e∈E(C)
w(e) (1.1)
for every cycle C ⊆ G, then there exists a pseudometric d : V (G) × V (G) → R+ such
that
w({x, y}) = d(x, y) (1.2)
for every {x, y} ∈ E(G). As an example of such pseudometric, for connected G, we
can take the well known “shortest path metric”. This result was proved in [2] and the
next question was formulated. Under what conditions on w there exists an ultrametric
(pseudoultrametric) d extending the weight w, in the sense that (1.2) holds for all edges
{x, y} of G?
Theorem 3.3 below gives us a complete answer on this question. The necessary
and sufficient conditions of uniqueness of such extension are found in Theorem 5.7.
Moreover, for connected G, we find the “greatest” pseudoultrametric d, extending w,
and we show, that this pseudoultrametric is subdominant for the “shortest path metric”
(see Theorem 3.7 and corollary 2.8). The necessary and sufficient conditions under
which the subdominant pseudoultrametric is a metric are found in Theorem 4.4. Using
this theorem in Corollary 4.6 we find the structural characteristic of graphs G, for which
there exists w : E(G)→ R+ such that:
(i) w(e) > 0 for all e ∈ E(G);
(ii) The set of pseudoultrametrics, extending w, is not empty, but does not contain
any ultrametric.
Moreover, we give some results, showing that the subdominant pseudoultrametric and
the shortest path metric “behave similarly”.
2 Subdominant pseudoultrametric
In the next lemma and further we identify a pseudoultrametric space (X, d) with the
complete weighted graph (G,wd) having V (G) = X and satisfying the equality
wd({x, y}) = d(x, y) (2.1)
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for every pair of different points x, y ∈ X.
Lemma 2.1. Let (X, d) be a pseudoultrametric space. Then for every cycle C ⊆ G(X)
there exist at least two distinct edges e1, e2 such that
wd(e1) = wd(e2) = max
e∈E(C)
wd(e). (2.2)
Proof. Let us denote by q(C) the number of edges of a cycle C. If q(C) = 3, then (2.2)
follows from the strong triangle inequality. Suppose that (2.2) holds when q(C) ≤ n,
but there exists a cycle C with q(C) = n+ 1, having exactly one edge e1 = {x, y} such
that
wd(e1) = max
e∈C
wd(e).
Let z be a vertex of cycle C adjacent to y and distinct from x. By the uniqueness of
the edge of maximal weight we have
d(y, z) < d(x, y).
This inequality and the strong triangle inequality imply d(x, z) = d(x, y). Let C1 be a
cycle for which
V (C1) = V (C)\{y} и E(C1) = (E(C)\{{x, y}, {y, z}}) ∪ {{x, z}}.
Then q(C1) = n and {x, z} is the unique edge of maximal weight, which contradicts the
induction hypothesis.
Remark 2.2. Probably, this lemma is known. In any case, the presence in the graph
of two edges of maximum length is a commonly meeting phenomenon under the work
with the ultrametrics and their generalizations. For example, the so called 2-ultrametric
spaces are characterized by the fact that every their four-point subspace has at least
two edges with the length equals to the diameter of the subspace (see [3]).
We turn now to the definition of the subdominant pseudoultrametric.
On the set F of the pseudometrics defined on X we introduce the partial order  as
(d1  d2)⇔ (∀x, y ∈ X : d1(x, y) ≤ d2(x, y)). (2.3)
In [4], for given metric space (X, d), the subdominant ultrametric is defined as the
greatest element of the poset (Fd,), where Fd ⊆ F is the set of the ultrametrics δ such
that
δ(x, y) ≤ d(x, y)
for x, y ∈ X. We generalize this definition to the weighted graphs.
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Definition 2.3. Let (G,w) be a nonempty weighted graph and Fw,u be the family of the
pseudoultrametrics ρ such that
ρ(u, v) ≤ w({u, v})
for every edge {u, v} ∈ E(G). If the poset (Fw,u,) contains the greatest element, then
we call this element the subdominant pseudoultrametric for w.
Note that Fw,u 6= ∅ because the zero pseudoultrametric
ρ(u, v) = 0,∀u, v ∈ V (G)
belongs to Fw,u.
We turn now to the construction of subdominant pseudoultrametrics.
Let u, v be two distinct vertices of a connected weighted graph (G,w). Denote by
Pu,v the set of the paths connecting u and v. Define the function ρw on the Cartesian
square V (G) × V (G) by the rule
ρw(x, y) :=


0 if x = y
inf
P∈Px,y
(max
e∈P
w(e)) if x 6= y.
(2.4)
Theorem 2.4. The function ρw is the subdominant pseudoultrametric for every
nonempty connected weighted graph (G,w).
Proof. Let us verify the strong triangle inequality
ρw(u, v) ≤ max{ρw(u, p), ρw(p, v)} (2.5)
for different vertices u, v, p ∈ V (G). Let ε be an arbitrary positive number. There exist
some paths P1 ∈ Pu,p and P2 ∈ Pp,v such that
ρw(u, p) + ε ≥ max
e∈P1
w(e) и ρw(p, v) + ε ≥ max
e∈P2
w(e). (2.6)
The subgraph G1 of G with V (G1) = V (P1) ∪ V (P2) and E(G1) = E(P1) ∪ E(P2) is
connected. Let P3 be a path in G1, connecting u and v. Then using (2.6) we find
ρw(u, v) ≤ max
e∈P3
w(e) ≤ (max
e∈P1
w(e)) ∨ (max
e∈P2
w(e)) ≤ max{ρw(u, p) + ε, ρw(p, v) + ε}.
Hence, letting ε to zero, we obtain (2.5).
It remains to verify that ρw is subdominant. Suppose there exist ρ ∈ Fw,u and
v1, v2 ∈ V (G) such that
ρ(v1, v2) > ρw(v1, v2). (2.7)
This inequality and (2.4) imply the existence of a path P ∈ Pv1,v2 for which
ρ(v1, v2) > max
e∈P
w(e).
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Note that ρ(u, v) ≤ w({u, v}) for every {u, v} ∈ E(G). Consequently, the path P does
not contain {v1, v2}. Consider, in the pseudoultrametric space (V (P ), ρ), a cycle C with
V (C) = V (P ), E(C) = E(P ) ∪ {{v1, v2}}.
Then {v1, v2} is the unique edge of C on which max{ρ(x, y) : {x, y} ∈ E(C)} is achieved,
contrary to Lemma 2.1. Thus, for every v1, v2 ∈ V (G) and ρ ∈ Fw,u the inequality
ρ(v1, v2) ≤ ρw(v1, v2) holds, i.e. ρw is the greatest element of (Fw,u,).
Remark 2.5. If G is a finite graph and a weight w is defined by some metric as in (1.2),
then the subdominant pseudoultrametric ρw is an ultrametric. For the complete G this
classic case was considered in [5]. An efficient procedure for the evaluation of the
subdominant ultrametric on the finite metric spaces can be found in [6] and [7].
We now turn to the study of connections between the shortest-path pseudometric
and the subdominant pseudoultrametric. Remind that the shortest-path pseudometric
is a pseudometric defined on V (G) as
dw(x, y) =


0, if x = y
inf
P∈Px,y
∑
e∈E(P )
w(e), if x 6= y. (2.8)
Similarly to Definition 2.3 we introduce
Definition 2.6. Let (G,w) be a nonempty weighted graph and Fw,m be the set of the
pseudometrics d such that
d(u, v) ≤ w({u, v}) (2.9)
for all edges {u, v} ∈ E(G). The greatest element of the poset (Fw,m ) is called, if it
exists, the subdominant pseudometric (for the weight w).
Proposition 2.7. Let (G,w) be a nonempty connected weighted graph. Then dw is the
subdominant pseudometric for the weight w.
Proof. The inequality dw(u, v) 6 w({u, v}) holds for every {u, v} ∈ E(G). This follows
from (2.8) and the fact that the two-term sequence u, v is a path belonging to Pu,v.
Consequently, dw ∈ Fw,m. Suppose that there are d ∈ Fw,m and u, p ∈ V (G) for which
d(u, p) > dw(u, p). Then there exists a path (u = x1, ..., xn = p) ∈ Pu,p such that
d(u, p) >
n−1∑
i=1
w({xi, xi+1}). (2.10)
Since d ∈ Fw,m, the inequality w({xi, xi+1}) ≥ d(xi, xi+1) holds for i = 1, ..., n − 1.
From here and (2.10) we find
d(x1, xn) ≥
n−1∑
i=1
d(xi, xi+1),
contrary to the triangle inequality.
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Corollary 2.8. Let (G,w) be a nonempty connected weighted graph. Then the pseu-
doultrametric ρw constructed by rule (2.4) is the subdominant pseudoultrametric for dw,
i.e., ρw  dw and ρ  ρw for every pseudoultrametric ρ satisfying ρ  dw.
Proof. Denote by ρ∗w the subdominant pseudoultrametric for dw. From (2.1), (2.8)
and (2.4) it follows that ρw  dw, consequently ρw  ρ
∗
w. The inverse relation ρ
∗
w  ρw
follows from the fact that every pseudoultrametric ρ satisfying ρ  dw belongs to the
set Fw,u (see Definition 2.3). Thus, ρ
∗
w = ρw.
Remark 2.9. The question when dw and ρw are metrics is of interest in its own right.
We return to this in Section 4. Note that the problem of finding a criterion of existence
of the subdominant ultrametric, for a given metric, was posed in [8].
3 Pseudoultrametrization of weighted graphs
Definition 3.1. Let (G,w) be a weighted graph and let d : V (G) × V (G) → R+ be an
ultrametric (pseudoultrametric) We shall say that d extends w if (1.2) holds for every
{x, y} ∈ E(G).
Definition 3.2. The weight w is ultrametrizable (pseudoultrametrizable) if there exists
an ultrametric (pseudoultrametric) extending w.
The following theorem gives us a criterion of pseudoultrametrizability for a given
weight w.
Theorem 3.3. Let (G,w) be a nonempty weighted graph. The weight w is pseudoultra-
metrizable if and only if, for each cycle C ⊆ G, there exist at least two distinct edges
e1, e2 ∈ E(C) such that
w(e1) = w(e2) = max
e∈E(C)
w(e). (3.1)
If G is a connected graph and w is a pseudoultrametrizable weight, then the subdominant
pseudoultrametric extends w.
Proof. Lemma 2.1 implies that (3.1) holds for each cycle C ⊆ G if w is a pseudoultra-
metrizable weight.
Conversely, suppose that for each cycle C ⊆ G there exist e1, e2 ∈ E(C) such
that (3.1) holds and prove the pseudoultrametrizability of w. Consider first the case,
where G is connected. By Theorem 2.4 it is sufficient to prove, for every edge {u, v} ∈
E(G), the following equality
ρw(u, v) = w({u, v}), (3.2)
where ρw is the subdominant pseudoultrametric for w. By Definition 2.3, we have
ρw(u, v) ≤ w({u, v}).
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If this inequality is strict, then there exists a path P ∈ Pu,v for which
max
e∈P
w(e) < w({u, v}).
The last inequality implies that {u, v} /∈ E(P ). Since {u, v} ∈ E(G), there exists a
cycle C with
V (C) = V (P ), E(C) = E(P ) ∪ {{u, v}}.
If ei is an edge of C different form {u, v}, then ei ∈ E(P ), so that
w(ei) ≤ max
e∈P
w(e) < w({u, v}) = max
e∈C
w(e),
contrary to (3.1). The pseudoultrametrizability of w is proved for the connected G.
Figure 1: The transition from a disconnected graph G to a connected G˜.
Let G now be disconnected. Consider the set {Gi : i ∈ I} of connected components
of G, where I is an indexing set. For each i ∈ I choose vi ∈ V (Gi) and fix an index
i0 ∈ I. Consider a new graph G˜ with
V (G˜) = V (G), E(G˜) = E(G) ∪ {{vi, vi0} : i ∈ I\{i0}}.
Let us extend w to a function w˜ : E(G˜)→ R+ as
w˜(e) =
{
w(e) if e ∈ E(G)
ci if e = {vi, vi0}, i ∈ I\{i0}
(3.3)
where ci are arbitrary non-negative constants. Since G˜ is a connected graph, to prove
the pseudoultrametrizability of G it is sufficient to establish (3.1) with w = w˜ for every
cycle C ⊆ G˜. Observe that each cycle C ⊆ G˜ is a cycle in G. It is easily seen by
drawing an appropriate picture (see Fig. 1). The formal proof is as follows. Let C ⊆ G˜
but C * G. Then there exists an edge in C of the form {vi0 , vi1}, i1 ∈ I\{i0} and there
exists a unique edge incident to vi0 in C and different from {vi0 , vi1}. The definition
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of G˜ implies that this edge has the form {vi0 , vi2}. Removing, from the cycle C, the
vertex vi0 we get the path P ,
V (P ) = V (C)\{vi0}, E(P ) = E(C)\{{vi0 , vi1}, {vi0 , vi2}},
connecting vi1 and vi2 . Since E(P ) ⊆ E(G), vi1 and vi2 lie in the same connected
component, which contradicts to their definition. Consequently if C ⊆ G˜, then C ⊆ G,
so that (3.1) follows.
Remark 3.4. Condition (3.1) is equivalent to the strong triangle inequality if the cycle
C contains exactly three vertices. Note also that∑
e∈E(C)
w(e) ≥ w(e1) + w(e2) = 2 max
e∈E(C)
w(e)
if (3.1) holds. Thus, the condition of the pseudoultrametrizability of the weight implies
the condition of its pseudometrizability, as expected.
Remark 3.5. Directly from Theorem 3.3 it follows that the pseudoultrametrizability
of the weight is a local property, i.e., if for every finite subgraph H of a weighted graph
(G,w) the restriction of w on E(H) is pseudoultrametrizable, then the weight w is
pseudoultrametrizable too.
Recall that a graph which does not contain any cycles is called a forest and a tree
is a connected forest.
Corollary 3.6. Let G be a graph with V (G) 6= ∅. G is a forest if and only if every
weight w : E(G)→ R+ is pseudoultrametrizable.
For the proof it suffices to note that the existence of a cycle C ⊆ G implies the existence
of a weight w : E(G)→ R+ for which condition (3.1) does not hold.
Let (G,w) be a weighted graph with a pseudoultrametrizable weight w. Denote by
Uw the set of all pseudoultrametrics on V (G) extending w.
Theorem 3.7. If G is connected, then the subdominant pseudoultrametric ρw is the
greatest element of the poset (Uw,). Conversely, if (Uw,) has the greatest element,
then G is connected.
Proof. Let Fw,u be the set from Definition 2.3. Suppose G is a connected graph. Then
Fw,u ⊇ Uw and the subdominant pseudoultrametric ρw belongs to Fw,u. By the defini-
tion of the subdominant pseudoultrametric we have ρ 6 ρw for every ρ ∈ Uw. To prove
that ρw is the greatest element of (Uw,) it is sufficient to verify the relation ρw ∈ Uw
that has already been established in Theorem 3.3.
Suppose G is not connected. Fix some points vi0 and vi1 belonging to distinct
connected components. Let us consider the weighted graph (G˜, w˜) as it was done in the
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proof of Theorem 3.3. It is clear that Uw ⊇ Uw˜. The last inqlusion and the arbitrariness
of constants ci in (3.3) imply the equality
sup
ρ∈Uw
ρ(vi0 , vi1) = +∞.
Consequently, the poset (Uw,) does not contain the greatest element for the discon-
nected graphs.
Using the last theorem we can easily obtain the converse assertion to Corollary 2.8.
Corollary 3.8. Let (G,w) be a nonempty weighted graph. If, for w, there exists the
subdominant pseudoultrametric, then G is connected.
Remark 3.9. In corollaries 2.8 and 3.8 we do not require the pseudoultrametrizability
of w.
In order to trace an analogy between ρw and dw, denote by Mw the family of the
pseudometrics extending w.
As it was shown in [2] for connected G, the shortest-path pseudometric dw belongs
to Mw for every pseudometrizable weight w. If we introduce a partial order  in Mw
as on the subset of (F,) (see (2.3)), then the following analog of Theorem 3.7 holds.
Theorem 3.10 ( [2]). Let (G,w) be a nonempty weighted graph with the pseudometriz-
able weight w. If G is connected, then dw is the greatest element of the poset (Mw,).
Conversely, if (Mw,) has a greatest element, then the graph G is connected.
Theorems 3.7 and 3.10 imply
Corollary 3.11. Let G be a nonempty graph. The following statements are equivalent:
(i) G is a connected graph;
(ii) The poset (Mw,) has the greatest element for every pseudometrizable weight
w : E(G)→ R+;
(iii) The poset (Uw,) has the greatest element for every pseudoultrametrizable weight
w : E(G)→ R+.
Using Corollary 3.6, Theorem 3.7, and the corresponding results from [2] we get
Corollary 3.12. Let G be a nonempty graph. The following statements are equivalent:
(i) G is a tree;
(ii) Every weight w : E(G)→ R+ is pseudometrizable and the poset (Mw,) contains
the greatest element;
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(iii) Every weight w : E(G) → R+ is pseudoultrametrizable and the poset (Uw,)
contains the greatest element.
Another examples illustrating the analogy between ρw and dw are given in the next
section.
Remark 3.13. If the weight w is pseudometrizable but not pseudoultrametrizable,
then the following problem arises. Find the extension of w being as “ultrametrizable”
as possible.
We can introduce an appropriate measure of “ultrametrizability” using the so-called
“betweenness exponent” being the supremum α ≥ 1 for which dα remains to be a metric
for a given metric d (see [9], [10]).
We can easily extend the notion of betweenness exponent to the case of weighted
graphs. If α = 1, then the betweenness exponent gives us the condition of pseudometriz-
ability of the weight w and, if α =∞, the condition of pseudoultrametrizability of w.
4 Ultrametrization of weighted graphs
In the previous section it was proved that a weight w : E(G) → R+ is pseudoultra-
metrizable if and only if condition (3.1) holds for every cycle C ⊆ G. If a pseudoultra-
metrizable weight w is strictly positive, i.e., for every e ∈ E(G) we have
w(e) > 0,
and G is finite and connected, then it is clear that the subdominant pseudoultrametric
ρw is an ultrametric. The following example shows that, for infinite G, the strict
positivity of w does not guarantee that ρw is an ultrametric.
Example 4.1. Let (G,w) be an infinite weighted graph, depicted in Figure 2, where
εn = w({u, sn}) = w({sn, tn}) = w({tn, v})
are positive real numbers such that lim
n→∞
εn = 0 and εn > εn+1 for each n. The length
of every cycle C ⊆ G is equal to six and its vertices are u, sn, tn, v, tm, sm, where
m 6= n. Such cycle C has the three distinct edges of maximal weight. Consequently, w
is pseudoultrametrizable. The definition of ρw implies that
ρw(u, v) = max{w({u, sn}), w({sn, tn}), w({tn, v})} = εn ∨ εm.
Letting n,m→∞, we obtain ρw(u, v) = 0 .
From Theorem 3.7 it follows, for connected G, that the set Uw contains ultramet-
rics if and only if ρw is an ultrametric. In the present section we shall describe the
structure of the graphs G for which ρw is an ultrametric for every strictly positive
pseudoultrametrizable weight w.
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Figure 2: The weighted graph with the pseudoultrametrizable weight w such that Uw
does not contain ultrametrics.
Note that the paper [11] contains the complete characterization of metric spaces
(X, d) for which the subdominant (for d) pseudoultrametric is an ultrametric.
We need the following lemma from [2].
Lemma 4.2. Let G be a connected graph and let u∗, v∗ be two nonadjacent vertices
of G. Let F˜ = {Fj}j∈N be a sequence of paths connecting u
∗ and v∗ and meeting the
following condition:
(i1) For every e
0 ∈ E(G) there exist u0 ∈ e0 and i = i(e0) such that u0 /∈
∞⋃
k=1
V (Fi+k).
Then there exists a subsequence {Fjk}k∈N of the sequence F˜ such that:
(i2) E(Fjl) ∩ E(Fjk) = ∅ for l 6= k;
(i3) If C is a cycle in the graph
⋃
k∈N
Fjk and
k0 = k0(C) := min{k ∈ N : E(C) ∩ E(Fjk) 6= ∅}, (4.1)
then C and Fjk0 have at least two common edges.
Remark 4.3. Here and below by the union
⋃
i∈I
Gi of subgraphs Gi of the graph G we
shall always mean the subgraph G˜ ⊆ G for which
V (G˜) =
⋃
i∈I
V (Gi) and E(G˜) =
⋃
i∈I
E(Gi).
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The next theorem is the main result of the section.
Theorem 4.4. Let G = (V,E) be a nonempty connected graph. The following two
statements are equivalent.
(i) For every strictly positive pseudoultrametrizable weight w the subdominant pseu-
doultrametric ρw is an ultrametric.
(ii) For every pair of distinct points u∗, v∗ ∈ V (G) and for an arbitrary sequence F˜
of paths Fj ∈ Pu∗,v∗ , j ∈ N there exists an edge e0 = {u0, v0} ∈ E(G) such that
u0, v0 ∈
∞⋃
k=1
V (Fi+k) for every i > 0.
Proof. (i)⇒ (ii) Suppose that statement (ii) does not hold. Then there exist a pair of
distinct vertices u∗, v∗ and a sequence F˜ of paths Fj ∈ Pu∗,v∗ such that for every edge
e0 ∈ E(G), e0 = {u0, v0}, there exist i ∈ N and at least one vertex incident to e0, for
example u0, for which
u0 /∈
∞⋃
k=1
V (Fi+k).
Let us show that, in this case, statement (i) does not hold. By Lemma 4.2, without loss
of generality, it can be assumed that
E(Fi) ∩ E(Fj) = ∅ for i 6= j, (4.2)
and every cycle C from
⋃
j∈N
Fj has at least two common edges with Fk0 , where k0 is
defined as in (4.1). Consider the graph
G˜ =
⋃
i∈N
Fi.
Let {εi}i∈N be a strictly decreasing sequence of positive real numbers with lim
i→∞
εi = 0.
Define the weight w1 : E(G˜) → R+ as w1(e) := εi if e ∈ E(Fi). The definition
is correct by virtue of (4.2). All edges of the path Fi, i ∈ N have the same weight
εi and every edge of the path Fi+1 has a weight strictly less than εi. Every cycle
C ⊆ G˜ has at least two common edges e1, e2 with the path Fk0 , where k0 is defined
by (4.1). Consequently the weights of these edges are maximal, w1(e1) = w1(e2) =
εk0 = max
e∈E(C)
w1(e). By Theorem 3.3, the weight w1 is pseudoultrametrizable. Choosing
the pseudoultrametrization ρw1 as in (2.4) we get
ρw1(u
∗, v∗) = inf
i∈N
(max
e∈Fi
w(e)) = inf
i∈N
εi = 0. (4.3)
Thus ρw1 is not metric on the set V (G˜).
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Using the pseudoultrametric ρw1 we extend the weighted function w1 to the set of
edges of G having the vertices in V (G˜). Let us prove that we obtain again a strictly
positive weight (for which we keep the same notation w1). Let e0 = {u0, v0} ∈ E(G),
u0 ∈ V (G˜) and v0 ∈ V (G˜). By assumption there is at least one end of the edge e
0, for
example u0, and there exists an index i0 such that
u0 /∈ V (Fi) (4.4)
if i > i0. Let F be a path in G˜ connecting u
0 and v0 and let e ∈ E(F ) be an edge
incident with u0. From (4.4) it follows that
e ∈
i0⋃
i=1
E(Fi).
Since the sequence {εi}i∈N is decreasing, we get w(e) ≥ εi0 , so that max
e∈F
w(e) ≥ εi0 > 0.
Thus
w1({u0, v0}) = ρw1(u
0, v0) > 0.
The next step of our proof is to assign some positive weights for edges e = {u, v} ∈ E(G)
having u /∈ V (G˜) or v /∈ V (G˜). Assign for every such edge e = {u, v} the weight
w2(e) = M , where M is an arbitrary number from [ε1,∞). Moreover if e = {u, v}
with u, v ∈ V (G˜), then set w2(e) := ρw1(u, v). It is clear that so defined weight w2 is
pseudoultrametrizable and w2(e) > 0 for every e ∈ E(G). Indeed, if C is a cycle in G
having all the edges in G˜, then there are two maximum weight edges in C because ρw1
is a pseudoultrametric. Now let v ∈ V (C) but v /∈ V (G˜). Then two edges of the cycle
C which are incident with v have the maximal weight M . The pseudoultrametrizability
of w2 follows from Theorem 3.3. Since G˜ ⊆ G and w1 = w2|E(G˜), from (2.4) we obtain
ρw2(u, v) ≤ ρw1(u, v) (4.5)
for u, v ∈ V (G˜). Relations (4.3) and (4.5) imply ρw2(u
∗, v∗) = 0. Thus we have
found the strictly positive pseudoultrametrizable weight w2 for which the subdominant
pseudoultrametric ρw2 is not an ultrametric.
(ii) ⇒ (i) Let (G,w) be a weighted graph with a pseudoultrametrizable strictly
positive weight and let condition (ii) hold. Let us prove that the pseudoultrametric
ρw : V (G)× V (G)→ R+ is an ultrametric.
Suppose the contrary. Then, for some vertices u∗ and v∗, u∗ 6= v∗, we have
ρw(u
∗, v∗) = 0. Consequently there exists a sequence {Fk}k∈N, Fk ∈ Pu∗,v∗ , such
that for every ε > 0 there exists k(ε) ∈ N meeting the inequality
max
e∈Fk
w(e) < ε (4.6)
for k ≥ k(ε). By assumption (ii) there exists an edge e0 = {u0, v0} ∈ E(G), such that
u0, v0 ∈
∞⋃
i=1
V (Fi+k) for all k > 0.
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Let us choose a path P connecting u0 and v0 in the graph Gε :=
∞⋃
i=1
Fk(ε)+i. The
definition of Gε and (4.6) imply the inequality
w(e) < ε
for every e ∈ P . This inequality and the definition of ρw give us
ρw(u
0, v0) ≤ max
e∈P
w(e) < ε.
Letting ε to zero, we obtain ρw(u
0, v0) = 0. Since w is strictly positive and pseudo-
ultrametrizable, by Theorem 3.3 we have
0 < w({u0, v0}) = ρw(u
0, v0).
This contradiction completes the proof.
This theorem and the corresponding result from [2] imply
Corollary 4.5. Let G be a nonempty connected graph. The following two statements
are equivalent:
(i) The subdominant pseudoultrametric ρw is an ultrametric for every strictly positive
pseudoultrametrizable weight w : E(G)→ R+;
(ii) The shortest-path pseudometric dw is a metric for every strictly positive pseu-
dometrizable weight w : E(G)→ R+.
Using theorems 3.7 and 4.4 it is simple to describe the structural properties of graphs
G for which there exist strictly positive pseudoultrametrizable weights w such that Uw
does not contain any ultrametric. Recall some definitions.
For a sequence of the sets An, n ∈ N, the upper limit, lim supn→∞An, is the set of
elements a such that a ∈ An for infinitely many n, i. e.,
lim sup
n→∞
An =
∞⋂
k=1
(
∞⋃
n=1
An+k
)
.
The subset V0 of the vertices set of a graph G is called independent, if every two
vertices from V0 are not adjacent.
Corollary 4.6. Let G = (V,E) be a nonempty connected graph. The following two
statements are equivalent:
(i) There exists a strictly positive pseudoultrametrizable weight w such that the set
Uw does not contain any ultrametric;
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(ii) There exist some vertices u∗, v∗ ∈ V (G) and a sequence {Fj}j∈N, Fj ∈ Pu∗,v∗ ,
such that
lim sup
j→∞
V (Fj)
is an independent set.
Now we shall give some examples of graphs G for which every strictly positive
pseudoultrametrizable weight w : E(G)→ R+ can be extended to an ultrametric.
Example 4.7. If every connected component of nonempty graph G = (V,E) contains
at most one vertex of the infinite degree, then for each strictly positive pseudoultra-
metrizable weight w : E(G)→ R+ there exists an ultrametric ρ ∈ Uw.
Indeed, let {Gi : i ∈ I} be the set of connected components of G. We complete
the graph G, if necessary, to the connected graph G˜ as it was done in the proof of
Theorem 3.3. If distinct vertices u∗ and v∗ lie in the same component Gi, then one of
them, for example u∗, is incident to the finite number of edges e1, e2, ...., en. Thus, for
an arbitrary infinite sequence of paths Fi ∈ Pu∗,v∗ , one from ej , j = 1, ..., n belongs to
the infinite number of paths.
If an arbitrary vertices u∗ and v∗ lie in the different connected components, then
there exists an edge of the form {vi0 , vi} which belongs to every path Fi ∈ Pu∗,v∗ . In
both cases, applying Theorem 4.4, we get the existence of an ultrametric ρ ∈ Uw.
Example 4.8. If the nonempty graph G is a tree, then the subdominant pseudoultra-
metric ρw is an ultrametric for each strictly positive weight w : E(G) → R+. Indeed,
the well-known characteristic property of trees says that for every two distinct vertices
u∗, v∗ ∈ V (G) there exists only one path connected them in G. Consequently, every
sequence F˜ of paths Fj ∈ Pu∗,v∗ is stationary, F1 = F2 = ... = Fn = Fn+1 = .... This
leads to the automatic truth of assertion (ii) from Theorem 4.4.
5 The least element of Uw and uniqueness of pseudoultra-
metric extension of weight
In the present section we shall show that only the complete k-partite graphs have the
following property: the poset (Uw,) contains the least element for every pseudoultra-
metrizable weight w : E(G)→ R+. Moreover, a uniqueness criterion for the problem of
the extension of a weight w to a pseudoultrametric ρ : V (G)×V (G)→ R+ will be given
also. The criterion of existence of such extensions was obtained above in Theorem 3.3.
Recall that a graph G is called k-partite, if the set V (G) can be decomposed into k
(k is an arbitrary cardinal number) nonempty disjoint sets Vα,
V (G) =
⋃
α∈I
Vα, α ∈ I, |I| = k, Vαi ∩ Vαj = ∅ if i 6= j,
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such that for every {x, y} ∈ E(G) the vertices x and y lie in distinct parts Vα. A k-
partite graph is complete if every two vertices in distinct parts are adjacent. It is clear
that a k-partite graph is empty, if k = 1 and connected, if k ≥ 2.
Figure 3: If we define a weight w on E(H) such that w({u, v}) > 0, then (Uw,) does
not contain the least element.
The proof of the following lemma can be found in [12].
Lemma 5.1. Let G be a graph with V (G) 6= ∅. Then G is a complete k-partite with
k ≥ 1 if and only if G does not contain any induced subgraphs isomorphic to the graph
H depicted by Figure 3.
We shall denote by TM (twice-max) the set of unordered pairs p, q of distinct nonad-
jacent vertices of the graph (G,w) having the following property: each path P ∈ Pp,q
contains at least two distinct edges e1 and e2 such that w(e1) = w(e2) = max
e∈E(P )
w(e).
Theorem 5.2. The following conditions are equivalent for every nonempty graph G:
(i) The poset (Uw,) contains the least pseudoultrametric ρ0,w for every pseudoultra-
metrizable weight w : E(G)→ R+, i.e., the inequality
ρ0,w(u, v) ≤ ρ(u, v) (5.1)
holds for every ρ ∈ Uw and all u, v ∈ V (G);
(ii) G is a complete k-partite graph with k ≥ 2.
If condition (ii) holds and w is a pseudoultrametrizable weight, then for u 6= v we have
ρ0,w(u, v) =


0 if {u, v} ∈ TM
max
e∈E(F )
w(e) if {u, v} /∈ TM
(5.2)
where F is an arbitrary path from Pu,v for which max
e∈E(F )
w(e) is achieved on a single
edge.
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Proof. (i)⇒ (ii) Suppose (ii) does not hold. Then, by Lemma 5.1, there exist vertices
u, v, {u, v} ∈ E(G), and a vertex p ∈ V (G), u 6= p 6= v such that {u, p} /∈ E(G) and
{v, p} /∈ E(G). Define the weight w(e) = 1 for every e ∈ E(G). Consider the following
two pseudoultrametrics on the set V (G):
ρ1(u, p) = ρ1(p, u) = ρ1(s, s) = 0 for all s ∈ V (G) and ρ1(s, t) = 1 in the opposite
case;
ρ2(v, p) = ρ2(p, v) = ρ2(s, s) = 0 for all s ∈ V (G) and ρ2(s, t) = 1 in the opposite
case.
It is clear that ρ1, ρ2 ∈ Uw. Assuming that there exists the least pseudoultrametric
ρ ∈ Uw, we get the contradiction
1 = ρ(u, v) ≤ ρ(u, p) + ρ(p, v) ≤ (ρ1 ∧ ρ2)(u, p) + (ρ1 ∧ ρ2)(p, v) = 0.
The implication (i)⇒(ii) follows.
(ii) ⇒ (i) Let condition (ii) hold and (G,w) be an arbitrary weighted graph with
a pseudoultrametrizable w. Since k ≥ 2, G is a connected graph, as it was mentioned
above. Let us show that ρ0,w defined by (5.2) is the least element of the poset Uw.
Note that the function ρ0,w is well defined. Indeed, suppose that there exist {u, v} /∈
TM and two distinct paths F1, F2 ∈ Pu,v such that each of them contains only one edge
of maximal weight. Let ρ ∈ Uw. Consider in the pseudoultrametric space (V (G), ρ)
the cycle generated by the path F1 and the edge {u, v}. By Lemma 2.1 we obtain that
ρ(u, v) = max
e∈E(F1)
w(e). Similarly if we consider the cycle generated by F2 and {u, v},
then ρ(u, v) = max
e∈E(F2)
w(e).
At the same time for every edge {u, v} ∈ E(G) we have ρ0,w(u, v) = w({u, v}),
since in this case {u, v} /∈ TM and the path (u, v) is one from the paths connecting the
vertices u and v.
Let us prove that the function ρ0,w is actually a pseudoultrametric. It is sufficient
to establish the strong triangle inequality
ρ0,w(x, y) ≤ ρ0,w(x, z) ∨ ρ0,w(z, y) (5.3)
for pairwise distinct vertices x, y, z ∈ V (G).
If all three points x, y, z are pairwise adjacent, then (5.3) follows from the pseudoul-
trametrizability of w. Let us show that (5.3) holds if among the vertices there are only
two adjacent pairs. If the weights of corresponding edges are distinct, then, according
to (5.2), the weight of the missing edge will be equal to the maximum weight of those
edges. The inequality (5.3) holds again. Assume that only two pairs of vertices are ad-
jacent and w({x, z}) = w({z, y}) = ρ0,w(x, z) = ρ0,w(z, y) = a but ρ0,w(x, y) = b > a.
Then there exists a path F ∈ Px,y with a unique edge e0 having the maximal weight.
Consider the cycle consisting of the path F and the edges {x, z} and {z, y} (or one
of these edges, depending on whether the path F contains one of them). This cycle
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contains the unique edge e0 of maximal weight, contrary to pseudoultrametrizability of
w (see Theorem 3.3).
By Lemma 5.1 the case when exactly two vertices are adjacent is impossible.
Therefore we may suppose that the vertices x, y, z are pairwise non-adjacent. Let
ρ0,w(x, y) = a > 0 (if ρ0,w(x, y) = 0, then inequality (5.3) is evident). Since a > 0, there
exists a path F ∈ Px,y with the unique edge e0 = {u0, v0} of maximal weight w(e0) = a.
Suppose first that the path F does not pass through the point z. From (ii) it follows
that at least one from the points u0, v0, for example u0, is adjacent with z. Consider
the following two paths: F1 ∈ Px,z consisting of the edge {u0, z} and some part of the
path F and the path F2 ∈ Py,z also consisting of the edge {u0, z} and the rest of F .
We may assume, without loss of generality, that {u0, v0} ∈ E(F2). If w({u0, z}) > a,
then {u0, z} is the unique edge of maximal weight for both F1, F2. Hence, from (5.2)
we have
ρ0,w(x, z) = w({u0, z}) = ρ0,w(z, y) > a,
so that, (5.3) follows. Let w({u0, z0}) 6 a. If the last inequality is strict, then {u0, v0}
is the unique edge of maximal weight in F2. Consequently
ρ0,w(y, z) = w({u0, v0}) = a,
so that (5.3) holds. If w({u0, z0}) = a, then {u0, z0} is the unique edge of maximal
weight in F1 and again we obtain (5.3). Consider the case when the path F passes
through the point z. By splitting F into the two paths F1 ∈ Px,z and F2 ∈ Pz,y, we
obtain that one of the values ρ0,w(x, z), ρ0,w(z, y) is equal to a. Thus, (5.3) follows
again.
It remains to prove that inequality (5.1) holds for every ρ ∈ Uw and u, v ∈ V (G).
This is trivial, if ρ0,w(u, v) = 0. Assume that ρ0,w(u, v) = a > 0, then {u, v} /∈ TM and
there exists a path F ∈ Pu,v with the unique edge e0 of maximal weight w(e0) = a.
Suppose that ρ(u, v) < a. Then the function ρ(x, y) is not a pseudoultrametric because
the cycle C with V (C) = V (P ) and E(C) = E(P )∪{{u, v}} contains exactly one edge
of maximal weight.
As an application of Theorem 5.2 we shall obtain a characterization of the stars.
Recall that a star is a complete bipartite graph for which at least one of the parts is a
singleton.
Corollary 5.3. The following conditions are equivalent:
(i) Every weight w : E(G) → R+ is pseudoultrametrizable and the poset (Uw,)
contains the least element;
(ii) G is a star.
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Proof. The implication (ii) ⇒ (i) follows from Theorem 5.2 and Corollary 3.12. Let (i)
hold, then again using Theorem 5.2 and Corollary 3.12 we obtain that G is a complete
k-partite graph with k ≥ 2 being at the same time a tree. If k ≥ 3, then G contains
a triangle. To construct it, we may take three points lying in three distinct parts of
the graph G. Since the trees do not contain cycles, k = 2. If each part of G contains
at least two points, then it is easy to construct a quadruple (4-cycle) C ⊆ G, contrary
again to the acyclic property of G. Thus, G is a complete bipartite graph one part of
which is a singleton.
We turn now to the conditions of uniqueness in the problem of extension of a weight
w by pseudoultrametrics. We need the following
Definition 5.4. Let (G,w) be a nonempty weighted graph and let u, v be two distinct
disjoint vertices of G. We shall say that u and v are well chained if for every ε > 0 there
exists a path u = u1, u2, ...., un = v such that {ui, ui+1} ∈ E(G) and w({ui, ui+1}) ≤ ε
for i = 1, ..., n − 1.
We denote the set of all such pairs {u, v} by WCh.
Remark 5.5. The notion “well chained points” is often used in the metric continuum
theory [13, с. 60] and it plays an important role in the considering of problems related
to the connectivity in metric spaces (see, e.g., [14]).
Remark 5.6. The notion “well chained points” arises naturally in the study of subdom-
inant ultrametrics (see [7] and [11]). In particular, it is easy to show that, for a strictly
positive pseudoultrametrizable weight w and a connected graph G, some vertices u and
v, u 6= v are well chained if and only if ρw(u, v) = 0.
Theorem 5.7. Let (G,w) be a nonempty connected weighted graph with a pseudoultra-
metrizable weight w. The set Uw contains only one element if and only if
TM ⊆WCh. (5.4)
Proof. Let (5.4) hold. In order to prove the uniqueness of extension of w it is sufficient
to establish the equality
ρ(u, v) = ρw(u, v) (5.5)
for every pair of distinct nonadjacent vertices u, v and every ρ ∈ Uw. Let u, v be distinct
nonadjacent vertices for which {u, v} /∈ TM. In this case, arguing as in the verification
of correctness of the definition (5.2), we see that the value ρ(u, v) does not depend on
the choice of ρ ∈ Uw. Hence, (5.5) holds. Consider now the case when {u, v} ∈ TM.
In view of inclusion (5.4) the vertices are well chained. This and the definition of the
subdominant pseudoultrametric ρw imply
ρw(u, v) = 0. (5.6)
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Since G is a connected graph, by Theorem 3.7 we obtain ρ(u, v) ≤ ρw(u, v). Moreover,
0 ≤ ρ(u, v) for u, v ∈ V (G). The past two inequalities and (5.6) imply (5.5).
Let (5.4) be false. Let us prove the nonuniqueness of the extensions of w.
Let {u0, v0} ∈ TM\WCh. We have ρw(u0, v0) > 0 because {u0, v0} /∈WCh, so that
there exists ε0 > 0 for which
max
e∈E(P )
w(e) ≥ ε0 (5.7)
for every P ∈ Pu,v. Let ε1 be ε2 two distinct numbers from [0, ε0). Consider the graph
G˜ with
V (G˜) = V (G) и E(G˜) = E(G) ∪ {{u0, v0}},
i.e., G˜ can be obtained from G by adding the edge {u0, v0}. We define on G˜ the weights
wi : E(G˜)→ R+, i = 1, 2 by the rule
wi(e) =
{
w(e) if e ∈ E(G)
εi if e = {u0, v0}.
Let us verify that the weight w1 is pseudoultrametrizable. In accordance with Theo-
rem 3.3 it is sufficient to show that for every cycle C ⊆ G˜ there are two distinct edges
e1, e2 ∈ E(C) satisfying
max
e∈E(C)
w1(e) = w1(e1) = w1(e2). (5.8)
Let C ⊆ G˜. If {u0, v0} /∈ E(C), then the existence of such e1, e2 follows from the
pseudoultrametrizability of w. Suppose that {u0, v0} ∈ E(C). We can get a path
P ∈ Pu0,v0 by removing the edge {u0, v0} from the cycle C. Since {u0, v0} ∈ TM, there
are two distinct edges e1, e2 ∈ E(P ) such that
max
e∈E(P )
w1(e) = max
e∈E(P )
w(e) = w(e1) = w(e2) = w1(e1) = w1(e2).
In virtue of inequalities (5.7) and ε1 < ε0 we see that (5.8) holds for these edges.
Consequently, the weight w1 : E(G˜) → R+ is pseudoultrametrizable. In the same way
we can verify that w2 : E(G˜) → R+ is also a pseudoultrametrizable weight. Let ρ1
and ρ2 be two pseudoultrametrics on V (G˜) = V (G) extending w1 and, respectively, w2.
Then it is clear that ρ1 and ρ2 extend also the weight w. Since ε1 6= ε2, we have w1 6= w2.
Thus ρ1 6= ρ2. Consequently the extension of the weight w to pseudoultrametrics is not
unique if condition (5.4) is violated.
Remark 5.8. If G is a nonempty disconnected graph, then, for every pseudoultrametri-
zable weight w, the inequality
card(Uw) ≥ c
holds where c, as usual, is the cardinality of continuum. The last inequality immediately
follows from (3.3).
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Example 5.9. For complete k-partite graphs with k ≥ 2 the uniqueness of extension
of w is equivalent to the equality
ρw = ρ0,w, (5.9)
where ρw is the subdominant pseudoultrametric, and ρ0,w is defined by equality (5.2).
Indeed, every complete k-partite graph is connected for k > 2. In correspondence with
theorems 3.3 and 5.2 the pseudoultrametric ρw is the greatest element of (Uw,) and
ρ0,w is the least element of this poset. Consequently, for every ρ ∈ Uw, we have
ρ0,w  ρ  ρw,
and by (5.9)
ρ0,w = ρ = ρw.
Let us show also that equality (5.9) is equivalent to inclusion (5.4). Note that in the
proof of Theorem 5.2 the equality
ρ0,w(u, v) = ρw(u, v) (5.10)
was established for ρ0,w(u, v) > 0. Moreover, (5.10) must be hold for adjacent u and v
because ρ0,w, ρw ∈ Uw. Directly from the definitions we have
WCh = {{u, v} : u and v are non-adjacent, u 6= v and ρw(u, v) = 0}, (5.11)
and, for complete k-partite graphs with k ≥ 2,
TM = {{u, v} : u and v are non-adjacent, u 6= v and ρ0,w(u, v) = 0}.
Thus, (5.9) is equivalent to the equality WCh = TM. By ρ0,w  ρw, we have the
inclusion TM ⊇ WCh. Consequently (5.9) is equivalent to the converse inclusion
TM ⊆WCh.
Example 5.10. Let G be a tree and w : E(G)→ R+ be a strictly positive weight. The
weight w has the unique extension if and only if TM = ∅.
Indeed, every two vertices of the tree G are connected by the unique path. From
this uniqueness, the strict positiveness of w, formula (5.11) and the definition of ρw it
follows that WCh = ∅. By Theorem 5.7, the last equality implies that the uniqueness
of extension of w is equivalent to TM = ∅.
Remark 5.11. The equality TM = ∅ is equivalent to the fact that the problem of
extending of strictly positive pseudoultrametrizable weight w to a pseudoultrametric
has the unique solution for every G satisfying condition (ii) of Theorem 4.4. For trees
this equality is equivalent to the following statement.
If e1 and e2 are two distinct edges of the tree G such that w(e1) = w(e2), then
for every path P ⊆ G including e1 and e2 there exists an edge e3 ∈ E(P ) such that
w(e3) > w(e1).
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